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1. Introduction 

In this paper, we eonsider integrable diseretizations of the redueed Ostrovsky equation 

dx(dt+ udx)u— 3u = 0, (1.1) 

whieh is a speeial ease ((3 = 0) of the Ostrovsky equation 

dx{dt + udx + ^dl)u-yu = 0. ( 1 . 2 ) 

The Ostrovsky equation was originally derived as a model for weakly nonlinear surfaee and 
internal waves in a rotating oeean [[IlEl- Later on, the same equation was derived for different 
physieal situations by several authors [|4l[5l. Espeeially eq. (11.11) appears as a model for high- 
frequeney waves in a relaxing medium [|5l IH . Note that the redueed Ostrovsky equation (11.11) 
is sometimes ealled the Vakhnenko equation ElSlIll, the Ostrovsky-Hunter equation ifTOll . 
or the Ostrovsky-Vakhnenko equation ifTTlfT^ . Travelling wave solutions were investigated 
in [|2l [El |3l. Vakhnenko et al. eonstrueted the N (loop) soliton solution of the redueed 
Ostrovsky equation by using a hodograph (reeiproeal) transformation and the Hirota bilinear 
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method QIEl- The same problem was approaehed from the point of view of inverse seattering 
method @ . 

Differentiating the reduced Ostrovsky equation (11.11) . we obtain 

t^txx T ^tlxUxx T UUxxx = 0, (1-3) 

which is known as the short wave limit of the Degasperis-Procesi (DP) equation [fT4l[T5]l . This 
equation is derived from the DP equation ifT^ 

Ut + 3K3f/^ - Utxx + ^UUx = 3UxUxx + UUxxx, (1-4) 

by taking a short wave limit £ —;■ 0 with U = £^(m + eu\ H- ),T = et, X = £ and K = 1 . It 

is noted that the short wave limit of the DP equation can also be rewritten as alternative form 

{dt + udx)m =-3mux, m=l-Uxx- (1-5) 

Based on this connection, Matsuno ifTSl constructed A^^-soliton solution of the short wave 
model of the DP equation from //-soliton solution of the DP equation lUTUT^ . This //-soliton 
formula is equivalent to the one obtained by Vakhnenko et al. EIH. 

As already mentioned previously, the reduced Ostrovsky equation (11.11) . as well as 
its differentiation form (11.31) . has attracted much attention in the past. Hone and Wang 
constructed the Lax pairs for both of equations lfT4l . The bi-Hamiltonian structure for the 
reduced Ostrovsky equation (11.11) was found by Brunelli and Sakovich [fTTll . its integrability 
and wave-breaking was studied in llT^ . Interestingly, the short wave limit of the DP equation 
(11.31) also serves as an asymptotic model for propagation of surface waves in deep water under 
the condition of small-aspect-ratio [|20ll . Most recently, the inverse scattering transform (1ST) 
problem for the short wave limit of the DP equation (11.31) was solved by a Riemann-Hilbert 
approach lU^ . 

The reduced Ostrovsky equation (11.11) is known to be related to the Tzitzeica equation 
ll2Tl[21[23l[24l, and also the so-called Dodd-Bullough-Mikhailov equation [I25ll26ll27]| . by 

a reciprocal transformation. Based on this reciprocal link between the reduced Ostrovsky 

( 2 ) 

equation and 3-reduction of the B-type or C-type two-dimensional Toda lattice, i.e. the 
2D-Toda lattice, multi-soliton solutions to both the reduced Ostrovsky equation (11.11) and its 
differentiation version were constructed by the authors [[28l . 

How to construct its integrable discrete analogue for a soliton equation has been an 
important topic since the discovery of soliton theory. Although several approaches have been 
developed starting from the mid-1970s, it remains a challenging and mysterious problem and 
has to be dealt with on a case by case base. Ablowitz and Ladik originated a method of 
integrable discretization based the Lax pair of a soliton equation [l29l[30ll . Almost at the same 
period, Hirota proposed an intriguing and universal approach based on the bilinear form of 
a soliton equation [1311 [3211^ . Another successful way to discretize soliton equations was 
proposed by Date, limbo and Miwa |l34l [351 ES [37l |38l |39l| via the transformation group 
theory, which gives a large number of integrable disretizations. One of the most interesting 
example is the discrete KP equation, or the so-called Hirota-Miwa equation HOl [39]l . which 
can be viewed as the Master equation of discrete systems due to the reason that integrable 
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discretization of many soliton equations sueh as discrete KdV equation, and discrete sine- 
Gordon equation ean be obtained from Hirota-Miwa equation by reductions. Suris also 
developed a general Hamiltonian approach for integrable discretizations of integrable systems, 
see Ref. iHTI . 

The aim of this work is to eonstruet integrable semi-diseretizations of the redueed 
Ostrovsky equation (11.11) and its differentiation form (11.31) by virtue of Hirota’s bilinear 
method. The remainder of the present paper is organized as follows. In seetion 2, by 
construeting a semi-diserete analogue of a set of bilinear equations reduced from the period 
3-reduction of the fioc or Coo two-dimensional Toda system, we derive a semi-diserete reduced 
Ostrovsky equation based on Eq. (11.31) and provide its A(^-loop soliton solution in terms of 
pfaffian. Then, an alternative semi-diserete redueed Ostrovsky equation is eonstrueted based 
on Eq. (11.11) which shares the same A(^-loop soliton solution. It is interesting that a conneetion 
between two semi-diserete versions exists in analogue to a link between their continuous 
counterparts. We eonelude our paper by some comments and further topies in seetion 4. 


2. Integrable semi-discretization of the short wave limit of the DP equation (11.31) 


It is shown in ll28l that bilinear equations for the redueed Ostrovsky equation (11.31) are 

1 


-[-DyD,-\]f-f = fg, 


-[^-DyDs-\]g-g = f\ 


( 2 . 1 ) 


( 2 . 2 ) 


whieh originate from a period 3 reduetion of BKP (CKP) hierarehy 11241 . Here DyD^ is the 
Hirota D-operator defined by 


j 


1 S ) ly=y'^j=y . 


*) ■ *) = (^ 5 ; - ay j (a; ■ 57 j • 

Eor the sake of eonvenience, we set y = xi, ^ = X-\. Under this reduction, one of the tau- 
funetions / turns out to be a square of a pfaffian ll42l 


where x = Pf(1,2, • • •, 2N) is a pfaffian whose elements are given by 

Pf(f, j) = Cij + , 

Pi + Pj 


(2.3) 


(2.4) 


with 


2N 


j,i^ = Piy + P/ ^ ^ (^ = Yl■ 

i=\ 

It was shown in ll28l that bilinear equations (12.11) - (12.21) . together with (12.31) . yield the 
redueed Ostrovsky equation (11.31) through a hodograph transformation 


x = y-2(lnx)i, t = s, 


(2.5) 
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u = -2(lnx)^j = -(ln/)ii. (2.6) 

Remark 2.1. In aeeordanee with the integrable diseretizations whieh will be eonstmeted 
hereafter, we ehoose an alternative hodograph transformation mentioned in Remark 2.15 of 

m. 


2.1. Semi-discrete analogues of equations d2.iD -t lZ5l) 

Based on the results briefly mentioned above, we attempt to eonstruet an integrable semi- 
diserete analogue of the redueed Ostrovsky equation (11.31) . The key point is how to diseretize 
the bilinear equations (I2.1I) - (I2.3I) . To this end, we start with Gram-type determinants 


where 




— Cij -\- 

1 


Pi+Pj 


with 


^+bpi\‘ 


CiJ = Cj,i, (/) = p” = Pi ■ 


Here 2b (not b) is the mesh size in y-direetion. A relation between /; and gi is shown by the 
following lemma. 

Lemma 2.2. 


{Ds - 2b)gi+i ■ gi = -2bff , 


(2.7) 


Proof. It ean be easily verified that 

m,j(l + 1) =„,,(/) + , 

and 

mP{l) = mij{l) - ■ 

Then by using the following formulas for a A x A determinant M with Mij denoting the 
eofaetor of the element mij 


a 

ds 


\M\ = 


N 


I 

ij=l 


dmi i 


mij ai 

bj d 


N 

d\M\- £ aibjM.j, 
ij=l 
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'^sgl = 


(pi ^^(0 

0 


gi+i = 


-(pj 


1 


i-bpr^ 


(pf (0 


// = 


l-bpj J 

1 ( 0 ) 


i 

Furthermore, we ean show 


l-bpj ^ 


1 


{ds-2b)gi+i = 


mij{l) 


\-bpj J 




( p,;~^^(0 


(p^^^(0 

0 

0 


1 


1 - bpi 


^f\l) 


1 


2^ (0)/n 

(P) \l) 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


1 - bpi 


0 

1 


+ 


mijil) 

1 




(pf (0 


\-bpj ^ 
mij{l) 

-(pi~^Ho 


+ 


(- 1 ) lb ( 0 ),,. 






1 - bpi 

—b 


(pf (0 


+ 


l-bpj J 
mij{l) 

, (pf^(0 

\-bpj J 

-(p^^Ho 


0 

0 

2Z7(p!^'^(/) 

—b 


+ 


2Z7 


0 

1 

mij{l) 




1 -bp 
—b 


cpfV) yf^9<»V) 

0 -lb 


1 




l-bpj ^ 


-1 


1 


( 2 . 11 ) 


By using the Jaeobi’s identity of determinant and the relations (I2.8I) - (I2.11I) . we obtain 
{ds - 2h)g/+i X g/ = g/+i X dsgi - {-Ibfi) x (-/;), 
whieh is nothing but Eq. (12.71) . 


□ 


Remark 2.3. Eq. (12.71) is an integrable diseretization of the bilinear equation (12.31) in y- 
direetion. Note that 2b is the mesh size. In the limit of h —)■ 0, we have 

//-^/, gl^g: gi+\-t g + 2bgy, 


^Dsgi+i ■ gi \DsDyg . g. 

2b 2 


then it follows 
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Next, we perform reduction in order to mimic the period 3-reduction of CKP/BKP 
hierarchy in the continuous case. To this end, we let Cij take a special value as follows 


CiJ — ^j,2N+l—iCi^ C2N+t—i — i 

(2.12) 

and further assume 


^ 2pjl-bpj 

Pj 1+bpr 

(2.13) 

By imposing a reduction condition 


P^{1 — b^P2N+i-i) = ~7’2A'+l-i(l ~b^Pl): 

(2.14) 


which can be written as 


pj{l-bp2N+l^i) _ PlN+l-ii^-bPi) 
PlN+l-ii'^ +bpi) Pi{l+bp2N+l-i) ’ 


it then follows 


h,j — ^j,2N+l—iCi 


2pj l-bp2N+l-i 


= 5, 


'i,2N+l-jC2N+l-i- 


P2N+l-i ^+bpi 

^jJ' 


'2N+l-i 


1 - bpi 


Pi l+bp2N+\~i 


~ ^i,i ■ 


Thus, we can define a pfaffian 


X/=Pf(l,2,---,2iV); 


whose elements are 


Pi+Pj 


The relations between the pfaffian X; and the Gram-type determinants /;, gi are stated by the 
following lemma. 

Lemma 2.4. 

{Ds-b)xi+i-Xi^-bc'gi+i, (2.15) 

x? = c7/, (2.16) 

where 

1-Z7D- 

l+bp, 


Proof. We firstly list two pfaffian identities which will be used in the process of proof 
Pf (5a/j - Oibj + ajbi) =Pf( ^ 


(2.17) 
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j ai bi 


det \ Cj a P I = Pf [aaij — aicj + Ojcfj Pf (da,; — bidj + bjdfj 
dj y 6 


Since 


Pf (fiQLij Oidj -\-ajdi^ Pf (PoCjy bjCj bjCj^ . 

(') j)/+i—(') j);+*) > 


(2.18) 


we have 


X/ = Pf 

dsXi = Pf 

X/+1 = Pf 




1 


0 

,p<»V) 9 !”'(/+i) 


(a,-Z7)x;+i = pf| 




(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


by referring to the identity (12.171) . Furthermore, by using the pfaffian identify (12.181) 


(Z)^ (^)X/-)-i'X; — X/(a^ Z?)X/_|_i Xz-j-j^a^X; 

i^o)l J-1) 

= pf' 


(bz)/ ,,(0) 


Pf 


<pf(/+l) 


0 





1 

0 


(pf(Z + l)-(pf(/) -b 1 


0 


0 


1 


Mcpf^(/ + i)+cpf(0) -b 


= -bdet (^mij(l) - (pj^\l)(pf\l) + (pj +1) +9 


( 1 ) 












Integrable semi-discretizations of the reduced Ostrovsky equation 

2pyi+bpi) 


= -bdet + 

= — be'det 


Pi{Pi + Pj){^-bpj] 
Pi{\-bpj) 1 


(0 


c- - I ' 

2pj{\+bpi) Pi + Pj 




= —bc'det{Cij-\-- 


1 




Pi + Pj 

= -bc'Fi+i. 

Thus Eq. (12.151) is proved. Next, we prove the relation (12.161) . 

fi = det [hj^ 2 N+i-iCi - ^ \ 


(2.23) 


FT ^+bpi A .1 s 
1 ItTTI—I -^i,2N^\-iCi 


Pi Pi + Pj^-bpj 

2pj I—bp 


fJi2pi{l -bp 


J+. 




Pf a/ + 


Pl+Pj 
Pi-PjjO) 


Pj l+bpi Pi + Pj 

-i]<rr(i+Pii) 




Pi+Pj 




Therefore Eq. (12.161) holds. 


(2.24) 

□ 


Remark 2.5. Obviously, Eq. (12.161) eonverges to (12.31) as b ^ 0 sinee X/ —)■ x, // ^ / and 
c' ^ c under this limit. 


Remark 2.6. Multiplying both sides of Eq. (12.151) by 2x/X/+i, we have 
{Ds - 2b)x}^^ ■ x] = -2bc' 

by using a bilinear identify Dsf^ ■ g^ = 2fgDsf ■ g. Eurthermore, by referring to the relation 
(12.31) . we have 

(^^5 - l) //+! -ff = 

whieh eonverges to (12.11) as (? —)■ 0 sinee g/+i —)■ g and X/+iX//c' —)■ x^/c = / under this limit. 


2.2. Integrable semi-discretization of the short wave limit of the DP equation ( 17.31) 
Summarizing what we have diseussed in the previous subseetion, the following three relations 


{Ds-2b)gi+,-gi = -2bff, (2.25) 

{Ds - (?)x/+i ■ X/ = -bc'gi^i , ( 2 . 26 ) 

^l = c'fi. (2.27) 

eonstitute the semi-diserete analogue of bilinear equations (12.11) - (12.31) . Eet us eonstruet 
integrable semi-diseretization of the redueed Ostrovsky equation based on bilinear equations 
(12.251) - (12.271) . Eirst, we rewrite Eqs. (12.251) and (12.261) into 

fln^^ -2b = -2b-^, (2.28) 

V Si J s Si+\gi 
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In 


"^l+i 

X/ 


7 if 

— b = —be - 

J X/+iX/ 


(2.29) 


respectively. Introducing a discrete hodograph transformation 

XI = 2lb-2{\nxi)s, t = s, (2.30) 

and a dependent variable transformation 

ui^-2{\nxi),s = -{lnfi)ss, (2.31) 

it then follows that the nonuniform mesh, which is defined by 5/ = xi+i —xi, can be expressed 


as 


5, = 2(7 - 2 ( In 


X/+1 


= 2bc 


gi+i 

X/+lX/ 


with the use of (12.291) . Differentiating Eq. (12.321) with respect to s, one obtains 


dhi 

ds 


= -2 In 


X/+1 

X/ 


= M/+1 -M/. 


Introducing an auxiliary variable r/ = fi/gi, we then have 

where (12.271) is used. Further, one obtains 

fl 


In 


+6/ = 2(7- 


(2.32) 


(2.33) 


(2.34) 


(2.35) 


by referring to (12.291) and (12.281) . Taking the logarithmic derivative of (12.341) with respect to s 
leads to 

(lnr/+ir/) - ^In^^^ (2.36) 

V gi J s 

Substituting Eq. (l2.33l) into Eq. (12.361) and referring to Eqs. and (12.281) and (12.351) . one obtains 


M/+1 — tq 

6z 


1 .7 N 1 

-(lnr/+ir,)^ + - 


In 


g/+i 

■2 


- ^ (lnr/+ir/)^ + (7 - b —— 
-l(ln7,+,r,), + /,-! (in 
-(lnr/+i)^ + (7-i5/, 


-is, 


which can be recast into 

(lnr;+i)^ = 


M/+1 - til , j 1 0 


(2.37) 

(2.38) 


A substitution of (12.381) back into (12.351) leads to 

MZ+l - Hi , Hi-Ui^i , 1 1 s 


8(73 


^z 


5^ ^z+i ’ 


(2.39) 











































Integrable semi-discretizations of the reduced Ostrovsky equation 


10 


Defining 


mi = 


5/+ 5, 


7-1 


MZ+1 —Ul Ul—Ul-l 

5^ ' ’ 


and taking the logarithmic derivative on both sides of (12.391) . we have 

d Inm/ X ^ 2 J 6 / J 

— = (in.,), 5 ;^ - ;^( 8 , + 5, 


Ul — M /—1 

5/-1 


1 Ui+i-ui 1 2{ui+i-ui) Ui+I-Ui^i 

tOZ-I H-^-h -Oi -^- g , g - 

2 0/2 0/ 0/ + 0/_i 


Ul-Ul-l Ul+\-Ul 1 

^-X-X-xT'x- 

0/-1 0/ 0/ + 0/_i 2 

As a result, by defining forward difference and average operators 


(2.40) 


Am/ = 


“/+i - til 


Mui = 


M/ + M/l 


6 / ’ 2 
we can summarize what we have deduced into the following theorem. 

Theorem 2.7. The semi-discrete analogue of the short wave limit of the DP equation 
dmi 


ds 

dhi 

ds 


= mi 


-2MAu 


M( 8 ,A«,) 1,, X 

'- m, - 


= M/+1 - Ul 


(2.41) 


MAui 


is determined from the following equations 

{Ds - 2b)gi^i ■ gi = -2bfI , 

{Ds - b)fi^i ■ fi = -bcgi^i , 

X? = c'fi, 

through discrete hodograph transformation xi = 2lb — 2 (lnX/)^, 5/ = xi^\ — xi, t = s and 
dependent variable transformation ui ~ — 2 (lnX/)^j = —{^tifi)ss- 

Let us consider the continuous limit when Z? —)■ 0. The dependent variable m is a function 
of I and s. Meanwhile, we regard it as a function of x and t, where x is the space coordinate at 
Z-th lattice point and t is the time, defined by 

/-I 

x = xo+Y,^i, t = s 
j=o 

Then in the continuous limit, Z? —)■ 0 (5/ —)■ 0), we have 

on./ A “/+!-“/ , m-m-i ^ m(5/Am/) m/+i-m/_i 

2MAui = -^- 1 - 5 -^ 2ux , ——^-= g , g -^ Ux , 


5/ 

2 


5/- 


m/ = 


6 / + 5/- 


W/+1 —Ul^Ul — M/_l 


6 / 


M6/ 5/ + 6/_i 

+ 1 —)■ m = —Uxx + 1 ■ 
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Moreover, sinee 


dx dxo ddj 

ds ds ds 


dxQ 

ds 


l-l 

+ 52(“j+i 

j=0 


Uj) —)■ u , 


we then have 


ds — “ 1 “ 'K~dx —^ di udx ■ 

ds 

Consequently, the third equation in (12.411) eonverges to m = \ —Uxx- 
in (12.411) eonverges to 


Whereas the first equation 


{dt + udx)m = -3mux , (2.42) 

whieh is exaetly the short wave limit of the DP equation (11.31) . 

Based on the results in previous seetion, we ean provide Wsoliton solution to the semi- 
diserete redueed Ostrovsky equation 


Theorem 2.8. The N-soliton solution to the semi-discrete analogue for the short wave limit 
of the DP equation (12.471) takes the following parametric form 


ui = -2(lnX/)„, xi = 2lb-2 (Inx/)^ 


where X; is a pfaffian 


X/ = Pf(l,2,---,2iV)/, 


(2.43) 

whose elements are 



Pi+Pj 


(2.44) 

under the reduction condition 



Pli^-b^P2N+l-i) = 

-PiN+i-ii^-^^Ph: «■= 

(2.45) 


3. Integrable semi-discretization of the reduced Ostrovsky equation (11.11) 

3.1. Bilinear equation for the reduced Ostrovsky equation (li.iD 

In this section, we will deduce an integrable semi-discrete analogue to the reduced Ostrovsky 
equation (11.11) . It was pointed out by the authors If28l that a single bilinear equation (2.53) 
yields the reduced Ostrovsky equation (11.11) . In order to be consistent with the A^-soliton 
solution given in the previous section, we start with 

[{Dx_, -Dl ;)Dx, + 3Di, ]x ■ X = 0 , (3.1) 

which is a dual bilinear equation of (2.47) in Il2^ for the extended BKP hierarchy. Imposing 
the same period 3-reduction by requesting Dx^ = Dx ^ = 0 and assuming y = xi, s = X-\, Eq. 
(13.11) is reduced to 

{DyD]-3D])x-x = Q. 


(3.2) 
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Prior to proceeding to the semi-discretization of Eq. (11.11) . let us briefly show how the 
reduced Ostrovsky equation (11.11) is derived from Eq. (13.21) through the same hodograph 
transformation (12.51) and dependent variable transformation (12.61) defined in the previous 
section. By defining = 1 — 2(lnx)y^, a conversion formula 

a 1 a 


dy p dx’ 

_a __a 

ds dt dx’ 

can be easily obtained from the hodograph transformation (12.51) . By using the relations 


(3.3) 


DyDlxx 


= 2(lnx) 

ysss “b 12(lnx)^i(lnx)y5, 


DH ■ X ^, 
—^ =2(lnx)^^, 


Eq. (13.21) is converted to 

2 (lnx)y^^i — 6(lnx)^^(1 2(lnx)^^), 

and is further reduced to 

P^xix_i ~ 3 m . 

With the use of the conversion formulas (13.31) . we finally arrive at 

dx{dt-\-udf)u = 3 m , 

which is exactly the reduced Ostrovsky equation (11.11) . 


(3.4) 


(3.5) 


(3.6) 


3.2. Semi-discrete analogue of the reduced Ostrovsky equation (li.il) 

In order to obtain a discrete analogue for the bilinear equation (13.21) . we first prove a bilinear 
equation associated with the modified BKP. 

Lemma 3.1. Assume a pfaffian X/ = Pf( 1,2, • • •, 2N)i with element determined by 


{iJ)i = Cij + 


P‘~Pj 


Pi + P 




where 




= Pi s + Pir + ^io. 
Then the pfaffian X/ satisfies the following bilinear equation 
{{Ds-bf -{Dr-b^))xi+i-xi = 0. 

Proof. Eirst, we define the pfaffian elements in addition to (13.71) : 

Pf(i, J„)/ = tt?f\l) , Pi{dm,dn)i = 0, 


(3.7) 


(3.8) 


Pf(i, J')/ = 1), {dm,d%i = {-b)- 




















Integrable semi-discretizations of the reduced Ostrovsky equation 


13 


Then the following differential and difference formulas are obtained previously or can be 
easily verified 

a,x, = Pf "P' =Pf(l,2,---,2iV,J_i,Jo)/, 


= =Pf(l,2,---,2iV,J_2,^o)/, 

xz+i=Pf^ 


(d^-Z?)X/+i =Pf 


9 ! ^(0 "pj =Pf(l,2,...,2iV,J_i,j0z, 


(a,-&)Vi = Pf( ' M =pf(i,2,---,2iv,j_2,^')/, 


^(a3-a,)x, = pff "P' "P'^^M=pf(i,2,---,2iv,j_2,^-i)/. 

Moreover, the following relations can be further verified 


{dr-b^)Xl+\ =Pf 


('■■'>' <p 1-’'(/) cp,'»'(/+!) 


9f‘’(o 'pP(') 'p!"’('+i)' 


= Pf( 1,2, • • •, 2iV, J_i, J')/- 2Pf( 1,2, • • •, 2iV, j_2,^i?-i,^i?o,, 


{ds-bfxij^i =Pf 


9 <-’>(/) (p!"V + 1 ) 




= Pf( 1,2, • • •, 2iV, J_i, J')/+ Pf( 1,2, • • •, 2iV, J_2,6?-i, 6?o, ^i?0z, 
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thus, we get 

Then an algebraie identity of pfaffian Il4^ 

Pf(- • •, <i_ 2 , <i-i, <io, d‘)P{i- ■ ■) = Pf(- • •, ■■,do,di) 

-Ff{- ■ ■ ,d-2:do)Ff{- ■ ■ ,d-i,d') + Pii- ■ ■ :d-2:d‘)^ii- ■ ■ ,do,di), 


derives 

^ ((a, -b)^-{dr-b^)) X/+1 XX; = -a^)x/ XX/+1 -d]xi X {ds-b)xi+i + {ds-b)\+i x a,X/, 


whieh is equivalent to 

{{D,-bf-{Dr-b^))%l+V^l = Q. 


□ 


Next, we preform a reduetion in parallel to period 3 reduetion for the eontinuous ease. 
Imposing the same reduetion eondition (12.451) . whieh is also of the form 


1 

3 „3 


1 


= V 


Pi P2N+l~i 

and note that X/ is rewritten as 


1 


+■ 


1 


Pi P2N+l-i 


5, 


q,2N+l-iCiJ ^Pi-Pj 




it ean easily shown that the pfaffian X/ satisfies 

a^-X; = b^d.Xi, 

therefore we have 

(d3 - 3bD^^ + 2b^D,)xi+i ■ X/ = 0. 

In what follows, we eonstruet a semi-diserete redueed Ostrovsky equation based on Eq. (13.101) . 
First, by using the following relations 


(3.9) 

(3.10) 


D^Xi+i-Xi 


= In 


'tz+lX/ 


'^/+i 

X/ 


= (ln(x/+iX/))„+ In 


X/+1 

Xz 


Ds^+i-y _ 


one obtains 


X/+lX/ 

Xz +1 


Xz 


+ 3 




(xz+ixz)),3 In 


Xz+l 

Xz 


In 


Xz 


= U- In 


Xz+l 


3(ln(xz+ixz)),,- 


In 


Xz+l 

Xz 


2Z7 - In 


Xz+l 

Xz 


(3.11) 
























Integrable semi-discretizations of the reduced Ostrovsky equation 


15 


from Eq. (13.101) . Next, by using the discrete hodograph transformation (12.301) and dependent 
variable transformation (12.311) . Eq. (13.1 II) reads 

^(mz+ 1 -M;) = ^5z(Mz + M/+i)-|6/(5f-4Z72). (3.12) 

Obviously, the evolution equation for nonuniform mesh 5/ remains the same as Eq. (12.331) . In 
summary 


Theorem 3.2. The bilinear equation 


{}-D]-3Dl + 2bDs)xi+i-Xi = Q 
b 

determines a semi-discrete analogue of the reduced Ostrovsky equation ( li.iD 


^{ui+i-ui) = ^bi{ui + ui+i)-^bi{Sij-4b^) 

ds„ 2 4 

ddi 


(3.13) 


-y— = ui^\-ui. 

\ ds 

through the dependent variable transformation ui — —2(lnXz)M and the discrete hodograph 
transformation xi = 2lb — 2 (Inx/)^, 5/ = xi+i — xi. 


Now we turn to check if Eq. (13.131) converges to Eq. (11.11) in the continuous limit. By 
dividing 5/ on both sides of Eq. (13.121) . we have 

\ d 3 1 

^^(m/+i —Ui) = -(mz + m/+i) — - 6^ + b'^, (3.14) 

which converges to exactly the reduced Ostrovsky equation (11.11) 


dx{dt + udx)u = 3m, 


as Z? —)■ 0 (5/ —)■ 0). 

Regarding the A^-soliton solution, it is obvious that Eq. (13.131) admits the same solution 
as the semi-discrete reduced Ostrovsky equation (12.331) proposed previously. 

So far, we have constructed semi-discrete analogues of the reduced Ostrovsky equation 
(11.11) and its differentiation form (11.31) . In light of the link between (11.31) and (11.11) . let us find 
a connection between (12.411) and (13.131) . Eirst, by taking a backward difference of Eq. (13.141) . 
we obtain 

^^(W/+1 -“/)--Wz-i)-^ .(3.15) 

On the other hand, by substituting the third equation into the first equation in (12.411) and 
eliminating m/, one arrives at exactly the same equation (13.151) . 


Remark 3.3. Although we have derived semi-discrete analogues of the reduced Ostrovsky 
equation (11.11) and its differentiation form (11.31) from totally different bilinear equations, the 
connection between them is clear here. In other words, the semi-discrete analogue for the 
short wave limit of the DP equation is simply a backward difference of semi-discrete reduced 
Ostrovsky equation. This finding corresponds to the fact that a differentiation of the reduced 
Ostrovsky equation (11.11) with respect to spatial variable x gives rise to the short wave limit 
of the DP equation (11.31) in the continuous case. Eorward difference and differentiation are 
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two typical operators corresponding to discrete systems and continuous systems, respectively. 
In the world of integrable systems, we observe a perfect correspondence between these two 
operators and discrete and continuous systems. 

Lastly, for the sake of convenience, we list the x-functions for one- and two-soliton 
solutions. 

One-soliton 
For = 1, we have 

X/ = Pf(l,2) = Cl + ^ (3.16) 

Pi+Pi 

where ci is a nonzero constant, 

\^-bpi) 


and pi, p 2 are related by a constraint 


1 1 

pI Pi 


Two-soliton 

For N = 2, we have 




\Pl P2 



(3.17) 


Xz=Pf(l,2,3,4) = Pf(l,2)Pf(3,4)-Pf(l,3)Pf(2,4)-f-Pf(l,4)Pf(2,3) 

= Pi ~P2 ni(/)+r|2(/) y P3 ~P4 n3(/)+r|4(/) _ Pi ~P3 ni(/)+r|3(/) P2 -P4 n2(/)+r|4d) 


Pi +P2 

+ I Cl + 


P3+P4 

Pi “Plgili(0+ri4(/)^ 


Pi +P4 




Pi +P3 
P2-P3 ^ 

P2+P3 


P2 + P4 


C 2 + El _ El(,^2{i)+n3{i) 


under the condition 

1 1 
3 + ~ 

Pi P4 


- + 73-* + - 


1 

P4 


1 1 ,2 n 1 

P2 PI \P2 P3 


(3.18) 


Letting ci =C 2 = 1 and and gP = the above x-function can be rewritten as 

Xi = 1 +eTii(P+ii4(0+Yi j^}j^^gr]i{i)+m{i)+r\3{i)+r\4{i)+yi+y2 ^ (3.19) 


where 

^ (Pl - P2) (Pl - P3) (P4 - P2) (P4 - P3) 20) 

(P1+P2)(P1+P3)(P4 + P2)(P4 + P3) ’ 

In the continuous limit A —0, it is obvious that above one- and two-soliton solutions for 
semi-discrete reduced Ostrovsky equation converge to the one- and two-soliton solutions for 
the reduced Ostrovsky equation listed in Il28l . 
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There are two versions of the redueed Ostrovsky equation, one is the original form (11.11) . the 
other is its differentiation form, or is also ealled the short wave limit of the DP equation (11.31) . 
In the present paper, we have construeted their integrable semi-diseretizations separately 
based on their different bilinear forms. Two versions of integrable semi-discretizations of 
the reduced Ostrovsky equation share the same /7-soliton solution in terms of pfaffians, which 
converges to the //-soliton solution of the continuous Ostrovsky equation (11.11) . as well as its 
differentiation form (11.31) . The connection between two versions of integrable discretizations 
is made clear. In the continuous case, the short wave limit of the DP equation (11.31) is the 
differentiation form of the reduced Ostrovsky equation, whereas in the discrete case, the semi¬ 
discrete short wave limit of the DP equation is the forward difference for the semi-discrete 
reduced Ostrovsky equation. 

Similar to our previous results [I43ll44ll45ll . the semi-discrete reduced Ostrovsky equation 
proposed here can be served as an integrable numerical scheme, the so-called self-adaptive 
moving mesh method, for the numerical simulation. It seems that the semi-discrete reduced 
Ostrovsky equation (13.131) has more advantages than the semi-discrete analogue of the short 
wave limit of the DP equation in serving as a self-adaptive moving mesh method. We would 
like to report our results in this aspect in a forthcoming paper. Finally, we haven’t succeeded 
in constructing an integrable fully discrete reduced Ostrovsky equation. If we could have 
done so, then a newly integrable discrete Tzitzeica equation might be constructed due to a 
direct link between these two equations. It is a further topic to be explored in the future. 
Another problem to be solved is the integrable discretization of the DP equation which is a 
more challenging problem in compared with the ones of the Camassa-Holm equation and the 
reduced Ostrovsky equation. We are tacking this problem based on our previous work on the 
DP equation Il46l . 
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